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ABSTRACT 

I consider a Langevin equation with field-dependent kernels and investigate su- 
persymmetry of the stochastic generating functional constructed from the Langevin 
equation. Moreover I describe the stochastic generating functional in terms of a 
superfield. In the superfield formalism, it becomes clear that the stochastic quan- 
tization method with the field-dependent kernel is equivalent to the path-integral 
quantization method. 
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1. Introduction 



The stochastic quantization method (SQM) was first proposed by Parisi and 
Wu as an alternative quantization method in 1981. [1I21 SQM can be applied to gauge 
theories without the gauge fixing procedure, i.e. without Faddeev-Popov ghost 
fields. Instead of introducing ghost field, the method produces the same contri- 
bution as the path- integral quantization method (PIQM). This fact was already 
confirmed perturbatively for Yang-Mills fields and for non-Abelian anti-symmetric 
tensor fields.' 41 

SQM has a powerful tool, " kernel", which, among others, gives new regulariza- 
tion schemes.' 51 Kernel is also introduced for system including massless fermion.' 61 Moreover,] 
the "field-dependent" kernel is introduced for system including 
graviton, system with spontaneously broken symmetry, and bottomless 
systems.' 91 On the other hand, it is well known that theories quantized stochasti- 
cally display supersymmetry [101 and can be described in superfield formalism. So 
my question is whether SQM with field-dependent kernel has supersymmetry or 
not. While Ref.fll] showed that stochastic action with field-dependent kernel had 
a supersymmetry, the action cannot be described in superfield formalism. Besides, 
the stochastic action is correct only when the field-dependent kernel is a metric 
included in classical action. In this paper, I show that the generating functional 
is invariant under two independent super-transformations and can be described in 
terms of superfield for boson and fermion systems in general. 

SQM without kernel is equivalent to PIQM and proof of the equivalence is 
given with the help of Fokker-Planck equation '"'or superfield formalism.' 13 " 141 The 
equivalence is, however, not given yet in superfield formalism in case Langevin 
equation has field-dependent kernel. I remark the latter equivalence in this paper. 

This paper is organized as follows. Supersymmetric generating functional for 
boson system is given in section 2 and for fermion system in section 3. In section 
4, the equivalence of SQM with field-dependent kernel to PIQM is remarked and 
summary is given. 
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2. Supersymmetric generating functional for boson 

I take up a system with variables q(x) and the classical action S(q) in n- 
dimensional space-time. To quantize the system, I give a Langevin equation with 
field- dependent kernel K{q) 

d t q(x, t) = q(x, t) = -X(x, t) + R{q{x, t))r)(x, t), (1) 

X = K(q(x,t))-^— - R(q(x,t)) 6R{ f X ^\ K(q(x,t)) = R 2 (q(x,t)), 
dq{x,t) oq{x,t) 

where 77 is a white noise field defined by the following correlation 

( v (x,t)r ) (y, S )) v = 25 n (x-y)5(t-s), 

(f( v )) r , = Jd V f( V ) exp{-Jd n xdt± V 2 (x,t)}. (2) 

f(rj) is an arbitrary function of 77. In this paper, only Stratonovich type calculus 1161 is 
used which allows the Leibnitz rule with respect to stochastic time derivative. Now, 
let me introduce the stochastic generating functional 



(3) 



J DqSiR-^q + X)-^, 



Z[j] = (e-f d " xdt ^ x f)^ x f)) n = J Drj e~f d " xdt ii^ 2 ( x ^~i^ x ^j( x ^} ? 
where q v is solution of eq.(l). Inserting the right-hand side of 

1 

I get 

m = J DqDet[^-{R-\q)(q + X(q))}} 

xexp[- J d n xdt{- A {q + X(q))K-\q + X(q)) - j(x,t)q(x,t)}\, 

= J DqDuoDuuDp exp[ — J d n xdt[pK~ 1 p — ip(q + X(q)) 

- WR^{Rr\q + X(q))}u - j(x, t)q(x, t)}] , 

where u,ZJ,p are auxiliary fields. This expression is rather complicated and it is 
difficult to recognize in eq.(4) whether Z[0] has supersymmetry or not. In fact, the 



(4) 
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stochastic action appearing in eq.(4) 



d n xdr{pK~ 1 p - ip(q + K— - Rj^) 

is not invariant under the supersymmetric transformation 

5q = eu + cJe, 5uj = —iep, 5uj = —iep — eq, 5p = iue, (6) 

which makes the stochastic action without kernel invariant.' 101171 Here e, e are in- 
finitesimal anticommuting constant parameters. The change of variables 

q' = j ' dqR-\q\ p' = R(q)p, uf = uR(q), J = R-\q)u>, (7) 

leads to 



/A Q 
Dq'Duo'Dud'Dpexp[- / dxdt{p 2 - ip(q + — ) 



(8) 

where I assume that the first relation in eq.(7) can be solved for K in terms of q. 
Z[j] can then be rewritten in terms of a superfield $' as 

= y D&expl- J d 2 9dTd n x{D e &D I & + ^ 

- 5"(0) lniZCgC*')) - 



= + 0a/ + 5/0 - i00p', = Dq'Duj'Duj'Dp, 

_ (10) 
D e = d e , Dg=dg-9dr, 

where 0, are anticommuting superspace coordinates, L(q) is Lagrangian density 
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J d n xL = S, and q($') = q(q'))\q'=& ■ Now it is obvious that the stochastic action 
s sqm(&) = SsQM(q,U,UJ,p) 

= J d 2 9drd n x{D e ^D^' + - S n (0) In ($'))} , 

is invariant by operation with supercharges Q, Q 

Q = dz, Q = d e + 9d T , {Q, D„} = {Q, D ¥ } = {Q,D e } = {Q,D e } = 0, (12) 
or equivalently under the supertransformation 

5q = Iuj' + ufe, 5uj' = —iep', 5uo' = —iep — eq , 5p = iuj'e. (13) 
In terms of original variables q,cu,uJ,p, the transformation can be expressed as 

8q = eu + uJK(q)e, 5oJ = —iep' — euuJ — - — R~ 1 (q), 

Oq 

5u = -ieK{q)p -eq + ue^j^i R(q)oj , (14) 

^ -dR(q) „_i . s dR(q)_ _ dR(q) n , s 

5p = iue + iuj ^ ' R L qe-R 1 (q) V ' eup - ooe V ' R(q)p. 
oq oq oq 

Thus the stochastic action with field-dependent kernel is invariant, for any boson 
system, under the super-transformation. With the help of the generating functional 
(9), it is shown that the Green functions in SQM are equivalent to those in PIQM 
as will be remarked in section 4. 
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3. Fermion case 



Next, I show the supersymmetry for the fermion system which is quantized 
stochastically. In general, as kernel K(ip, ip) for fermion field includes Dirac matri- 



ces 7^, yK does not always exist. So I start with the Langevin equation as 



[15] 



ip a {x, t) = + T] la + -K a pr) 2/3 , 

^ a (x, t) = -X-- + ^ni/3 K aP + V2a, 



(15) 



5S \ 8K a p 5S l SKpg , . 

= K a p-= — , X^r = -——Kp a + -— — , (lb) 



where S/Si{j,5/5i/j are left derivatives and ViyV2,ViyV2 are anticommuting white 
noise fields defined as 

( ma (x,t)fj 1/3 (x',t')) = ( ma (x,t)r} 2 p(x',t')) = 25 aP 5 n (x - x')5(t - t'), (17) 



(18) 



The stochastic generating functional for fermi field is defined as 



Z[j, 3 ] = J ^ 1 ^ 1 ^ 2 ^ 2 e-/ d "^^(^i^+%»?2)-(j^+V'^)}, ( 19 ) 



where ip v ,ip v are solutions of eq.(15). The change of variables (^1,771,^2,^2) 
(i[),ijj,r]2 = Kr)2,r)2 = rj 2 K^ 1 ) leads to 

Z[jJ] = J D^Drl;Dff 2 Dr]! i D(p 1 Dtp 1 Dip 2 D(p2 Det(K) exp[- J d n xdr{r]W2 



1 ,- 



rf 2 ^ + X+) - -ty + X~-)K-^2 + (^ + X--)K-'^ + X+) 



- (<Pi <p 2 ) [ J ) [ ) - U^v + ^vj)} 

.¥2 



(20) 
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(J)a8 = 



d 



ip)a 



where <p, ip are auxiliary fields. After the integration over rj^rj^ 



Z\j,3\ = J 



DTDirD^D^D^DipiDipDip 



xexp 



- J d n xdr{2TfKn - in(ip+X^) - + X^)n 

- fa W2) (J) j -G*l>v + Vy')>] , 



(21) 



where n, ir are auxiliary fields. As in section 2, the change of variables 



tj}' = ijj, if[ = if! 



(f{ = (fi, tt' = 7T, 



(22) 



leads to the generating functional Z[j,J\ written in terms of superfield 



Z[j,J\ = J Dm' Dm 1 exp - J d n xd 2 9dr{D^' ' D e ^' - D e DtfH' 



+ L« ) - -<5 n (0) In detK(V', V )} 
2 



(23) 



= V' + + ¥28 ~ iOOir', tt' = / + V2 + - (24) 



where L is Lagrangian density and ip is defined from = _K" . The supersym- 
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metry transformation in terms of original fields is 



- dK il 
5(fi2a = -ieirpKpa - eip a - y?2 7 (ey?i + K^ 2 e) 5 — Kp a 

- y?2 7 (ey?2 + (p 1 Ke)s a - Kp a , 

— - i- — -a9Kq^_ _ -^9Kg^_ 

o<P2a = ieix a ~ {eipi + K(p 2 e)sK a p-Q-j^-(p 2l - {ecp 2 + ^ 1 Ke) 5 K af3 -^^ 2l , 

_j_ ■ _-, dKn~ _ i 8Kq~ 

5ti = ieip 2a + iei) 5 K a p-—y 2l - (e^i + V2 Ke) 5 K a(3 -^-n 1 



- (ey?2 + (f 1 Ke) s Kj— =^tt 7 . 



(25) 

which is the supersymmetry for S$qm- 



4. Summary 

I showed that the stochastic generating functional for fermion or boson system, 
which is constructed from the Langevin equation with field-dependent kernel, has 
supersymmetry and can be described in terms of superfield. 

Further I remarked that SQM with field-dependent kernel is equivalent to 
PIQM. The generating functional written in terms of superfield is identical to 
that of Ref.[14] which is constructed from the Langevin equation without field- 
dependent kernel with the replacement of $ with $' and !/(<&) with L(q(&)) — 
]n(R(q(&)). In Ref.[14] the equivalence of SQM without kernel to PIQM was 
proved when S^j is positive. So the equivalence of SQM with field-dependent 
kernel to PIQM is proved in the same way if 

d 2 {L-S n (0)lnR) 
dq 2 

is positive. 
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